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Distance and Position Estimation in Visible Light
Systems with RGB LEDs

Ilker Demirel and Sinan Gezici

Abstract—In this manuscript, distance and position estimation
problems are investigated for visible light positioning (VLP)
systems with red-green-blue (RGB) light emitting diodes (LEDs).
The accuracy limits on distance and position estimation are
calculated in terms of the Cramér-Rao lower bound (CRLB) for
three different scenarios. Scenario 1 and Scenario 2 correspond to
synchronous and asynchronous systems, respectively, with known
channel attenuation formulas at the receiver. In Scenario 3, a syn-
chronous system is considered but channel attenuation formulas
are not known at the receiver. The derived CRLB expressions
reveal the relations among distance/position estimation accuracies
in the considered scenarios and lead to intuitive explanations for
the benefits of using RGB LEDs. In addition, maximum likelihood
(ML) estimators are derived in all scenarios, and it is shown that
they can achieve close performance to the CRLBs in some cases
for sufficiently high source optical powers.

Index Terms— CRLB, estimation, LED, positioning, RGB,
visible light.

I. INTRODUCTION

Visible light positioning (VLP) systems have attracted sig-
nificant attention in recent studies due to their low-cost and
high-accuracy characteristics ( [2], [3], and references therein).
In addition, they incur very low deployment cost as they are
already employed for illumination. VLP systems with high
localization accuracy can facilitate various applications such
as real-time robot control, patient monitoring, and warehouse
management [4]-[6].

Among various theoretical and experimental studies related
to VLP systems, a group of them focuses on determination of
accuracy limits related to distance and position estimation [[7]—
[13]]. Accuracy limits provide theoretical performance bounds
for a large class of estimators (such as unbiased estimators)
and they can present guidelines for system design under
specific accuracy requirements. In [7], the Cramér-Rao lower
bound (CRLB) is obtained for distance estimation based on
the time-of-arrival (TOA) parameter in a synchronous VLP
system and the dependence of the CRLB on various system
parameters is investigated. In [8], the CRLB is derived for
distance estimation in an asynchronous VLP system, where
the distance related information in the received signal strength
(RSS) parameter is utilized. The work in [9] focuses on
the distance estimation problem for both synchronous and
asynchronous VLP systems, and considers the cases of known
and unknown channel attenuation formulas at the visible

I. Demirel and S. Gezici are with the Department of Electrical and
Electronics Engineering, Bilkent University, 06800, Ankara, Turkey, Tel:
+90-312-290-3139, Fax: +90-312-266-4192, Emails: ilkerd @ee.bilkent.edu.tr,
gezici@ee.bilkent.edu.tr

Part of this research was presented at the IEEE 30th Annual Interna-
tional Symposium on Personal, Indoor and Mobile Radio Communications
(PIMRC), Istanbul, Turkey, Sep. 8-11, 2019 [.

light communication (VLC) receiver. It is shown that the
distance related information contained in the TOA parameter
(which can be utilized in the presence of synchronization)
increases with the effective bandwidth of the transmitted
optical waveform. Therefore, synchronous VLP systems can
provide performance improvements over asynchronous ones
only for sufficiently high effective bandwidths.

Regarding the position estimation problem in visible light
systems, both theoretical limits and practical estimators are
investigated in a multitude of studies such as [13]-[21]. In
[14], the CRLB is derived for three-dimensional localization
in an indoor VLP system based on RSS information by
considering a generic configuration for LED transmitters and
VLC receiver. In and [16], two-dimensional RSS-based
localization is studied under the assumption of a known re-
ceiver height, and an analytical CRLB expression is derived in
the considered setting. The work in provides the CRLBs
for three dimensional position estimation in synchronous and
asynchronous VLP systems by employing RSS and/or TOA
parameters. In addition, it presents the maximum likelihood
(ML) estimators for synchronous and asynchronous settings
by employing direct and two-step positioning approaches.
Instead of the RSS and TOA parameters, angle-of-arrival
(AOA), time-difference-of-arrival (TDOA), or a combination
of multiple parameters are employed in [14], [22]-[26] for
position estimation in visible light systems. For example, both
AOA and RSS parameters are utilized in to perform three-
dimensional localization of VLC receivers. By taking a direct
positioning approach, [I8] proposes an asynchronous VLP
system in which a Bayesian signal model is constructed for
position estimation based on the entire received signal from
multiple LEDs in the presence of obstruction of signals from
several LEDs.

Although the theoretical limits on distance and position es-
timation and corresponding ML estimators are investigated for
VLP systems with white LEDs in [7]-[11], [13], they are not
available for VLP systems with red-green-blue (RGB) LEDs in
the literature. Since RGB LEDs can provide additional benefits
for visible light systems [27], [28], analysis of theoretical
limits and derivation of ML estimators are crucial for VLP
systems with RGB LEDs, as well. The aim of this manuscript
is to provide a detailed analysis of the position estimation
problem in visible light systems with RGB LEDs. We focus
on three scenarios where Scenario 1 and Scenario 2 corre-
spond to synchronous and asynchronous systems, respectively,
with known channel attenuation formulas at the receiver. In
Scenario 3, a synchronous system is considered but channel
attenuation formulas are not known at the receiver. For all
of these scenarios, we first focus on the distance estimation
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problem for VLP systems with RGB LEDs by considering
a specific setting with a known VLC receiver height, and
derive the CRLBs and ML estimators. Then, we consider
the generic three-dimensional localization problem for visible
light systems with RGB LEDs and derive the CRLBs and
ML estimators. The provided CRLB expressions and ML
estimators generalize the ones in the literature [9], as
there exist three parallel channels in RGB based VLP systems.
In addition, Scenario 3, which is not considered in [13], is
investigated for VLP systems with both white and RGB LEDs.
The main contributions and novelty of this manuscript can be
summarized as follows:

e The CRLBs and the ML estimators are derived for
distance estimation in VLP systems with RGB LEDs
for the first time in the literature. The obtained results
generalize those in [9] to VLP systems with RGB LEDs
and reveal the benefits of employing RGB LEDs for
distance estimation.

e The CRLBs and the ML estimators are derived for
generic three-dimensional position estimation in VLP
systems with RGB LEDs for the first time in the lit-
erature. In this way, not only the results in are
extended to VLP systems with RGB LEDs but also a
synchronous scenario with unknown channel attenuation
formulas (Scenario 3) is investigated, which is not con-
sidered in [13].

o Via the derived CRLB expressions, the relations among
the distance/position estimation accuracies are revealed in
the considered scenarios and the benefits of using RGB
LEDs can be quantified.

In addition, numerical examples are provided to illustrate the
theoretical results and to compare the performance of the
ML estimators against the corresponding CRLBs in various
scenarios. (In the conference version of this manuscript [,
only the distance estimation problem was investigated for VLP
systems with RGB LEDs.)

The remainder of the manuscript is organized as follows:
Section [l introduces the VLP system model with RGB LEDs.
Then, the derivations of the CRLBs and ML estimators for
distance estimation are performed in Section [[II} In Section [Vl
the general case of three-dimensional localization is investi-
gated by deriving CRLBs and ML estimators. The numerical
examples are presented in Section [V] which are followed by
the concluding remarks in Section [VIl

II. SYSTEM MODEL

Consider a VLP system that consists of N1, LED transmit-
ters at known locations (e.g., on the ceiling of a room) and
a VLC receiver at an unknown location. The VLC receiver
estimates its location by utilizing the signals emitted by the
LED transmitters (i.e., self-positioning [29]). Let I, € R? and
lf € R? represent the locations of the VLC receiver and the
kth LED transmitter, respectively, where k& € {1,..., Np}.
Each LED transmitter can emit red, green, and blue signals
(colors), which are denoted by s¥(t) for i € C and k €
{1,..., Np} with

C = {r,g,b} (1)

The VLC receiver processes the incoming optical signals from
the LED transmitters via three parallel photodetectors (PDs)
corresponding to red, green, and blue signals. It is assumed
that a certain type of a multiple access protocol is employed at
the VLC receiver so that signals from the LED transmitters can
be processed separately [13], [30]. Accordingly, the following
electrical signals are observed at the VLC receiver:

= hyasE(t =)+ (1) )

icC
for k € {1,...,Np}, j € C and t € [T, T3], where T}
and T¥ . ; specify the observation interval for PD j related to
the signal coming from the kth LED transmitter, h ; 1s the
overall channel attenuation factor for PD j and the zth signal
(color) of the kth LED transmitter (h’C > 0), 7F is the TOA
parameter related to the kth LED transmitter, and 7 k(t) is the
noise at PD j during the reception of the signal from the kth
LED transmitter.

The noise terms 7] k(t) in @) are modeled as zero-mean
white Gau531an random processes with a spectral density
level of UJ, which are assumed to be independent for all
ke {1,...,NL} (due to the use of a multiple access protocol
(13, [IEI]) and for all j € C (due to the processing at different
branches of the VLC receiver). The transmitted signals s%(¢)
are nonzero over an interval of [0, TF,] for k € {1,..., Ni.}
and ¢ € C, and they are assumed to be known by the VLC
receiver. Also, the TOA parameter in (2) can be expressed as

k

N USTIY )
where ¢ denotes the speed of light and A* is the time offset
between the clocks of the kth LED transmitter and the VLC
receiver. For synchronous VLP systems, A¥ = 0 for all
k€ {1,...,Ny}, whereas A*’s are unknown parameters for
asynchronous VLP systems. As in [9], it is assumed that a
coarse acquisition is performed such that the signal component
in (@) resides completely in the observation interval [T} oT Tk ]
for ke {l,...,Np} and j € C.

As in [7]], [8], [13], a line-of-sight scenario is considered
and the overall channel attenuation factors in (2)) are modeled

as [19], [31)-133]

e (P DA [ = 1) R e~ 1)
= e — 2™

“)

fori,j € Cand k € {1,..., Ny}, where m* is the Lambertian
order for the kth LED transmitter, A; is the area of PD j, n,
and nf denote the orientation vectors for the VLC receiver
and the kth LED transmitter, respectively, and R;; is the
responsivity of PD j to the ith signal (color).

III. DISTANCE ESTIMATION

Before investigating the general case of three-dimensional
localization, we first focus on a special scenario in which
the VLC receiver performs distance (range) estimation with
each of the LED transmitters, and then determines its two-
dimensional location based on those distance estimates [9]].



In this scenario, accuracy of distance estimation is the main
factor that determines the accuracy of location estimation [9}
Sec. VI]. Therefore, the purpose in this section is to determine
the accuracy limits of distance estimation for VLP systems
with RGB LEDs, which has not been investigated in the
literature.

As the aim is to estimate the distance between each LED
transmitter and the VLC receiver, we focus on one LED
transmitter and drop the index k (superscript k) from the
parameters in Section [l The system model for this scenario is
shown in Fig. [l and the distance between the LED transmitter
and the VLC receiver is represented by z, which is given by

= ||l — li]|2. As in [[Z]-[9], [34], it is assumed in this
section that the LED transmitter points downwards (which is
a common scenario) and the VLC receiver points upwards such
thatn, = —n, = [001] and —(I,—1,)"n, = (I,—1,)"n, = h
in @), where h denotes the height of the LED transmitter
relative to the VLC receiver. In addition, it is assumed sim-
ilarly to [Z]-[9], that i is known by the VLC receiver;
that is, possible locations of the VLC receiver are confined
to a two-dimensional plane (e.g., to the floor of a room).
This assumption is made (only in this section) to provide
intuitive and clear explanations for accuracy limits of distance
estimation in VLP systems with RGB LEDs. (It also holds
in many practical scenarios; e.g., when the VLC receiver is
attached to a warehouse vehicle or a robot; see Fig. 3 in [4]]).
Under these assumptions, the channel attenuation factors in

(@ can be expressed as
A y ("
Ay(m +1) () B ot )

hji = 2ma?

T

for ,j € C, where 7;; 2 Aj(m + 1)h™ R, ;/(27).

A. Theoretical Limits for Distance Estimation

In this section, accuracy limits of distance estimation are
investigated for VLP systems with RGB LEDs under various
scenarios.

1) Scenario 1: Synchronous System with Known Channel
Attenuation Formula: In this scenario, it is assumed that
the LED transmitter and the VLC receiver are synchronized;
hence, A = 0 in (@). In addition, the VLC receiver is assumed
to know the channel attenuation formula in () with ~;;’s
being known constants. (In practice, 7, ;’s can be learned via
calibration by placing the VLC receiver at known distances.)
Under these assumptions, the log-likelihood function corre-
sponding to the received signals in @) (for only one LED
transmitter) can be expressed, based on () with A = 0 and

(@D, as follows:
B3 [ (w0
(6)
jec 20' T,
2\ 2
3 s (t - —)) dt
c

-2 e
ieC
where K is a constant that does not depend on =x.

The CRLB provides a lower limit on MSEs of unbiased es-
timators and can be obtained from the log-likelihood function

as follows:
9 -1
CRLB,; = <E { (—dA(x)> }) )
dx

From (@), the CRLB in (7)) can be derived as

T2 N
CRLBl = <Z / |: _m_42’}/j)i
jec 3 YT ieC
—1

X ((m—i—?))si(t—x/c)+(x/c)s§(t—x/c))rdt> 3)

where s(t) denotes the derivative of s;(t). After some ma-
nipulation, (8) can be expressed as
—2m—6

CRLB; :((m 4 3)2 28 g foﬁ//
C
2 —1
" (m +3) x2m7ﬂ/> )
C
where
1
FEY DD %% B (10)
jec ~J ieC leC
1
ey LS S s,
jec I iec ieC
1
BTED =5 v Bl (12)
jec 95 jec 1ec
with
Ei; é/ si(t)si(t)dt (13)
= / si(t)sy(t)dt (14)
B = / s;(t)sy(t)dt (15)

Various observations can be made based on (Q)—(I3). First,
as expected, there is contribution to accuracy from all three
colors. Second, distance related information contained in both
the received signal strength (RSS) parameter and the TOA
parameter is utilized in this scenario. To see this more clearly,
suppose that the same intensity levels are transmitted from
all the LEDs such that s,(t) = sq4(t) = sp(t). Also, assume
that s;(0) = s;(Ts,) for @ € C, which is commonly the case
for practical signals. Then, it is obtained from (II) and (I4)
that ¥ = 0; hence, the CRLB in (@) becomes CRLB; =
((m+3)2072m 8k + o= 2m=0c=25") ~!.In this expression,
the first term comes from the information obtained from
the RSS parameter based on the known channel attenuation
formula (as & is related to the total received power) and the
second term is due to the TOA parameter (since x’ is related
to the time resolution; equivalently, the effective bandwidth of
the signals). As a final observation, it can be shown that the
CRLB formula in (@)—(T3) covers the one in [9]] as a special
case if there exists only one LED at the transmitter and one
PD at the receiver (cf. [9 Sec. III-A]).
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Fig. 1. For distance estimation, VLP system model with RGB LEDs.

2) Scenario 2: Asynchronous System with Known Channel
Attenuation Formula: In this scenario, it is assumed that
the LED transmitter and the VLC receiver are asynchronous;
namely, A in (@) is modeled as a deterministic unknown
parameter. However, the VLC receiver is assumed to know
the channel attenuation formula in (&) with +;;’s being known
constants. In this case, the log-likelihood function correspond-
ing to the received signals in (@) can be expressed via (@) as

T2
Mor) = R= 350 [ (w00

jec Ti

~S i

ieC

(16)

st — 7')) th

where K is a constant that does not depend on z or 7. Then,
the CRLB on distance estimation is given byﬂ

CRLB; = [Jp '] (17)

11

where J is the Fisher information matrix (FIM) defined as

2
ON(x,T) ON(xz,7) ON(z,T)
E { ( Oox ) } E { ox or }
Ir = OA(x,7) OA(z,T) oA(z,7)\ 2
E{ Bz) 87’7 } E{( 87-7 ) }
From (16), the elements of the FIM in (1)) can be calculated

after some manipulation as

Ju — (m + 3)2x—2m=8g
B (m + 3)z=2m=Tx/

where x, x’, and k" are as defined in (T0)—(12).
Based on (I7) and (19), the CRLB on distance estimation
can be calculated as

(18)

(m + 3)x72m77ﬂ/
fomfGH//

} 19)

K//I2m+8

(m+3)2(kr" —

CRLB, = (20)

(%)

By comparing (@) and @0Q), it is noted that only the
RSS parameter is utilized in this scenario since there is
no synchronization between the transmitter and the receiver.
In particular, if " = 0, then the CRLB in (20) becomes
CRLB; = ((m + 3)2272™ 8k) 1, which corresponds to the
first term in (@), as expected. Also, it is noted that the CRLB

'In (T2 and @2, [X]11 denotes the element of matrix X at row 1 and
column 1.

Distance A
Estimator

formula in (20) covers the one in [9, Sec. III-B] as a special
case if there exists only one LED at the transmitter and one
PD at the receiver.

3) Scenario 3: Synchronous System with Unknown Channel
Attenuation Formula: In the final scenario, it is assumed that
the LED transmitter and the VLC receiver are synchronized
(i.e., A = 0 in (@) but the VLC receiver does not know the
channel attenuation formula in (). Then, the log-likelihood
function corresponding to the received signals in () can be
expressed, based on (@) with A = 0, as follows:

. 1 [T
szKégﬁgém(mw 1)
2
— hylsz t—f >dt
S hss(i-2)

where Y = [I h,«)r h,«)g hr,b hg)r hg7g hg7b hb,r hb7g hb7b]T
is the vector of unknown parameters and k is a constant that
does not depend on ¢.

In this scenario, the CRLB on distance estimation is stated

as
CRLB3 = [Jr '], (22)

where Jr is the FIM, which has a size of 10 x 10. The elements
of Jr are specified as follows:

A B
Jr = {BT D]

2
where A = E (%(W) , Bisalx9 vector given by

(23)

xX

_ OA(p) OA(p)
B = [E {2200}

defined as D = |E {%(‘P)%M} for I, k,n,m € C. Based
Lk n,m

on (1), the elements of Jp in 23 can be specified as follows:

} for [,k € C, and D is a 9 X 9 matrix

1 1
A= Z o Z > hjihii B} (24)
jec J ieC leC
1
B=|—Y m.E,|, LkeC (25)
€Ol e
Epmli—n
D—[%], Lk,n,meC (26)
0]



where Ej ., Ej, ;, and Ef; are as defined in (I3)-(13), and
L=y, is the indicator function, which is equal to one if [ = n
and zero otherwise.

From @23)-286), the CRLB in (22) can be obtained as
(A-BD'B”) "

CRLB; = 27)

It is noted from (26) that the 9 x 9 matrix D has a block
diagonal structure; hence, the calculation of (27) requires
inversion of three 3 x 3 matrix blocks.

In this scenario, the distance related information in the TOA
parameter is utilized since the system is synchronous but the
channel attenuation formula is unknown. As a special case, if
Ej; = 0 for all k,i € C, then B = 0 and CRLB3 = 1/A.
In this case, unknown channel attenuation factors, h;;’s, do
not affect the distance estimation accuracy. In all other cases,
distance estimation accuracy is affected by the presence of
unknown channel attenuation factors (as they influence how
accurately the TOA information can be extracted).

B. ML Estimators for Distance Estimation

In this section, the ML estimators are derived for the
scenarios considered in the previous subsection.

1) ML Estimator for Scenario 1: The ML estimator in
Scenario 1 is stated as

Z; = argmax A(x) (28)

where A(z) is given by (6). Based on the expression in

(@), the ML estimator in (28) can be specified, after some
manipulation, as

xl—argmaxx me 32 Z”yﬂ i 51<—)

jec J ieC
— 0527 2m 5 (29)
where « is as in (T0) and
ey
Ry, s (1) = / y;(t)si(t — 7)dt. (30)
Ty,

As noted from (29), a one-dimensional search is required
to obtain the distance estimate. However, for each possible
distance, correlations of the received signals are performed
with delayed versions of the transmitted signals from the LEDs
(see (B0)).

2) ML Estimator for Scenario 2: The ML estimator in
Scenario 2 is defined as

(Z2,7) = argmax A(x,T) (31

(z,7)
where A(z, 7) is as in (I6). After some manipulation, the ML
estimator in (3I) can be expressed as

(x27 )—argmaxa: me BZ Z'YJZ Yi sl

(@,7) jec o} icc

—0.5x72m b (32)

where R, ., (7) is given by (30). From (32), 7 can be obtained
as

T:argmaxz Z'Y]z Yjs SI

jec J ie€C

(33)

Then, 7 can be inserted into the objective function in (32),
and derivatives with respect to x can be calculated to show
that Z, is given by the following formula:

=L
m—+3
ED DD PRI (34)
76C J ie€C
where T is as defined in B3) and

> jec 0']_2 >icc ViiRy,.s, (T) is assumed to be positive.

From (@3) and (34), it is noted that the ML distance
estimation is performed in two steps in Scenario 2. In the
first step, the TOA parameter is estimated. In the second step,
this TOA estimate is used to determine the RSS level, which is
then employed in the distance estimation process by utilizing
the known channel attenuation formulas.

3) ML Estimator for Scenario 3: The ML estimator in
Scenario 3 is defined as

p = argmax A(p) (35)

7]

where A(p) is given by @2I). After some manipulation, the
ML estimator in (33) can be stated as

= arg max Z

where hj L [hj)r hj)g th,]T and Rj (ac) e
[Ry,s.(x) Ry,s,(x) Ry, s, (x)]" with Ry, .s,(x) being
given by (30). In addition, E in (B6) is a 3 x 3 symmetric
matrix described as

(hTR 1) ~05h]Eh;)  (36)

Er,r Er,g Er,b
E=|E,, E,, E,, 37)
Ey, E,, Eyy

whose elements are as defined in (I3). For simplicity of
the derivations, FE is assumed to be positive definite in the
remainder of the manuscript.

The gradient of the objective function in (36) with respect
to h; is calculated as o “%(R;(x) — Eh;) for j € C. Then,
the ML estimates for h; are obtained as hj = E 'Rj() for
j € C. Inserting these estimates into (3G), the ML distance
estimate is derived as

1
T3 = arg maxz — R;‘»F(x)E_le(:v) .
o

z jec I

(38)

Similar to Scenario 1, a one-dimensional search is performed
to obtain the distance estimate and for each possible distance,
correlations of the received signals are calculated with delayed
versions of the transmitted signals from the LEDs.



4) Modified ML Estimator for Scenario 1: To utilize the
distance related information in the TOA parameter effectively,
it can be required to sample the correlation function in (3Q)
at high rates. Otherwise, the performance of the ML estimator
in 29 may not get very close to the CRLB. To mitigate
this problem, a modified version of the ML estimator can be
designed as proposed in [9]. In particular, the ML estimate
calculated from (29) can be used as an input to the relation in
(34); that is, the modified ML estimator can be obtained as

—=1_
m+3

P L Y ety (2

jGC 7 ieC

(39)

where 7 is the ML estimate in (29). This estimator is robust
against sampling rate limitations, as observed in Section [V]

IV. POSITION ESTIMATION

In this section, we consider a generic three-dimensional
localization scenario in which the LED transmitters and the
VLC receiver can have any orientations and locations. In
particular, the aim is to estimate the location [, of the VLC
receiver based on the received signals in @)); namely, yf(t) for
te[TF;,T8,].j€C and k € {1,...,NL}. Based on these
received signals, the log-likelihood function can be stated as

W

k=1 jeC
T
X
Tk

where ¢ denotes the set of unknown parameters and Kisa
constant that does not depend on the unknown parameters. The
set of unknown parameters varies according to the considered
scenario as specified below. The CRLB on the covariance
matrix of any unbiased estimator ¢ of ¢ can be expressed

as [33]]

2
)> dt  (40)

Zhﬂ 55 t—T

ie€C

E{(p-)p—9) "} =T (41)

where J(¢) denotes the FIM for ¢ and A = B means that
A — B is positive semidefinite. The FIM is computed as

1) =E{(VoA@) (VoA(@)'} @D

where V, represents the gradient operator with respect to ¢
and A(¢p) is the log-likelihood function in (@Q).

A. Theoretical Limits for Position Estimation

In this section, accuracy limits of position estimation are
investigated for VLP systems with RGB LEDs under three
different scenarios.

1) Scenario 1: Synchronous System with Known Channel
Attenuation Formula: In this scenario, the clocks of the VLC
receiver and the LED transmitters are synchronized (that is,
AF =0 forall k € {1,..., N} in 3)), and the VLC receiver
knows the channel attenuation formula in (@). Then, the set of
unknown parameters in (@0) becomes ¢ = I, = [y 1 Iy 2 L 3]7;
i.e., the only unknown parameter is the location of the VLC
receiver. For this scenario, the CRLB is given by the following
proposition.

Proposition 1: In Scenario 1, the CRLB on the MSE of any
unbiased estimator l, for the location of the VLC receiver is
given by

E{|[l — L||*} > trace{J 5l } (43)
where
Onk, On,
scel ni,n2 Z ZZZ ol —E N
jec J k=1 ieC leC R
 Ohy; ort K
Oly oy Oy, P11
ork 8h;l [R—
8lr ,n1 8lr NP hj ZEl ,L
ork  ork
+ ———hk kB ’“> (44)
Oy Ol V10
for ni,ng € {1,2,3} with
é / dt (45)
ko / )Y dt (46)
E;j;’“ A / sF(t)) dt (47)
ork lin
- 48
TR r—lfn “e
~ mb—1
Ohjs _ (m*+ AR, ( (e —17)"nf) 49)
Oly 2 L, — lf”mk+3
< (mFnf (L =19 e + nen(l — 1) nf)
(m +3)(!

r,n _lﬁn) K\T &k m” k\T
- ((lr—lt) nt) (L= 15) n,

[2: — 25|+

Proof: In Scenario 1, the log-likelihood function in (#0)
is considered for ¢ = I, where 7" is given by @) with A* =
0 for all k € {1,...,Np} and h%, is as in (@). Then, the
elements of the FIM in [@2) is stated as

[J(@)]nimy =E {%(_f)%(f)}

2,3}, where OA(p)/0l; ,, is given by

< Zhﬂzt—T))

ie€C
k

onk,
x < B gh(t— ) — B (bt — Ry O

lr,n

(50)

for ni,ny € {1,

>dt (51)



for n € {1,2,3}. From (31), the elements of the FIM in (30)
can be obtained, after some manipulation, as follows:

AN

=Y

k=1 jeC g ieC lec
( 5{““ R L
—gf (6= 7 st = 7))
- %sm — TR (sE (= 7)) 8?
otk

k [k k
+ hj,i(si (t—r7 ))

As the signals s¥(t — 7%) are assumed to be contained com-
pletely in the observation intervals [T1k77 T2’f j], the expression
in (32) can be shown to be equal to that (44) based on the
definitions in (@3), (@8], and (@7). Also, the partial derivatives
in @8) and (@9) can be obtained from @) with A* = 0
for all k € {1,...,Np} and @), respectively. Overall, the
CRLB on the MSE of any unbiased estimator I, for the
location of the VLC receiver, lr, can be expressed via (&)
as E{||l —1)?} > trace{J(¢ } Since J(¢) in (32) and
Jsce1 in @) are equivalent, the expression in [@3) is reached.
|

Proposition 1 provides a closed-form expression for the
CRLB on location estimation in VLP systems with RGB
LEDs based on a generic three-dimensional setup. From the
expression in (@), it is noted that both the RSS information
and the TOA information are utilized in Scenario 1, and
their relatlve contrlbutlons depend on signal characteristics
via the E”, Ezl and E”k terms. Also, different signals
(colors) emitted from each LED transmitter contribute to the
localization accuracy, as expected. In the special case of a
single color at each LED transmitter and a single PD at the
VLC receiver, the FIM in Proposition 1 reduces to that in
Prop. 1].

2) Scenario 2: Asynchronous System with Known Channel
Attenuation Formula: In this scenario, the VLC receiver is not
synchronized with the LED transmitters, and the A* terms in
@) are modeled as deterministic unknown parameters. There-
fore, the TOA parameters are unknown and do not contribute
to localization accuracy. Hence, the set of unknown parameters
in (@Q) is specified as ¢ = [l;1 ly2 L3 7'+ 7V]T in this
scenario. The CRLB in Scenario 2 is presented in the following
proposition:

Proposition 2: In Scenario 2, the CRLB on the MSE of any

unbiased estimator 1, for the location of the VLC receiver is
expressed as

E{Hl -1, || }> trace{.] (53)

sce2

for ny,ny € {1,2,3}, with EF

where Jscea denotes a 3 x 3 matrix with the following elements:

Bh’C 6h’C EF
SCC2n1n2_Z<ZZZ zzl
k=1 JGC ieC leC by Olrny 0
8hk /k 8hk /k
(EEy )(zzz ey
jEC ieC lec b jJEC ieC lec Le.ns
hl;zhﬁlE:/lk)>
: (54
Jenn>

k. BNy, ENY, and oh% /0l

being defined by ({@3), {@8), X and (@) respectlvely
Proof: For the parameter vector given by ¢ =

[lea leo Les 74+ 7] the partial derivatives of the log-

likelihood function in (@0) are calculated as follows:

( — > bk sk t—7)>

ie€C

(55)

z/(

Mt -1 ))Idt

—thsm—e))

ieC
(56)

forn € {1,2,3} and k € {1,..., N.}. From (33) and (36),
the FIM in (@2) can be obtained as

_|Ja JB
where Ja is a 3 X 3 matrix with elements
6h El
JAW—ZZZZ — ¥
9

k=1 j€C ieC 1eC Ol

for ny,ne € {1,2,3}, Jp is a 3 x N, matrix with elements

Telus==> > > 5

jec ieC leC Ol

onk b E”k

(59)

forn € {1,2,3}and k € {1,..., Ny}, and Jp is an Ny, x Ny,
matrix with elements
Z Z Z h’] 1h§1 ;,lk if kv = k
[JD]kl ke = jec e tec UJ2' > 1 Lo
0, if k1 # ko
(60)
for ki, ko € {1,....NL}. In GR)-@0), EF,. Ef. E}*.

and ah;ﬁi/alrm are as defined in (@3), @4), (M) and (]H)

respectively.
From (41)), the CRLB on the location I, of the VLC receiver
can be expressed as

E{|[E - |*} = trace{ [171(¢)] 5} (6D)



where 1, is any unbiased estimator for I,. From (&Z),
(37" ()], 5 can be computed as
37 @) = (Ja - IsIpsT) @)

Since Jp in (6Q) is a diagonal matrix, the elements of Ja —
JBJ_lJB can be stated as

Ik k
(63)

By inserting (38)-(60) into (63), the expression in (34) is
obtained. This observation together with (&I) verifies the
expressions in (33) and (34) in the proposition. [ |

Proposition 2 presents a generic closed-form expression for
the CRLB in Scenario 2, which illustrates that the location
relation information in extracted only from the channel atten-
uation factors (RSS parameters) in this scenario as there exits
no synchronization between the VLC receiver and the LED
transmitters. The expression in Proposition 2 covers the CRLB
expression in Prop. 3] as a special case when single-color
LEDs and a VLC receiver with a single PD are employed.

3) Scenario 3: Synchronous System with Unknown Channel
Attenuation Formula: In the last scenario, the LED transmit-
ters and the VLC receiver are synchronized (i.e., A¥ = 0
for all £ € {1,...,Np} in (@) but the VLC receiver does
not know the channel attenuation formula in @). Therefore,
only the TOA parameters contribute to localization accuracy,
and the set of unknown parameters in (@0) becomes ¢ =
[lnl lyoles {hj,z'}kzl,jec,iec] . Namely, there exist 9Ny, +3
unknown parameters. The CRLB in this scenario is provided
in the following proposition:

Proposition 3: In Scenario 3, the CRLB on the MSE of any
unbiased estimator 1, for the location of the VLC receiver can
be stated as

NL,
[JA JBJ 1JB ]n1 na [JA]nl "2 Z
k=

E{|[i: — 4]|*} > trace{ T Ly} (64)
Joees = Ja — Indp Jp (65)
where jA is a 3 X 3 matrix with elements
0
S PSR 9 ) B T RENES I

jec J k=11ieC leC

2,3}, jB is a 3 X 9Ny, matrix with elements

[ yzaon]

J leC
Sforn € {1,2,3} and {k,j,i} € {1,...,
is a 9N, X 9Ny, matrix with elements

Sor n1,ne € {1,

(67)

N} xCxC, and Ip

(68)

for {k,j,i} € {1,...,Np} x C x C and {k,j,1} €
1,....,Ny} x C x C. In @@)-@®%), EF, E'F E"* and
il 1 il

otk /0l ., are as defined by {@3), @8), @), and (E-BI) re-

spectively, and ]l{k:];_j:ﬂ denotes the indicator function.

[JIB]n1 k[ IB]ns. k

Proof: In this scenario, the partial derivatives of the log-
likelihood function in (4Q0) are computed as

ST [ (- St )

k=1 jeC ieC
otk /
k k
thﬂal sh(t — %)) dt (69)
icC
OA(9) /T ( )sm—f’w
— = B sh t—T 4t
8]7;-];)7( Tk 'LGZC 77 ) 0'72
(70)
for n € {1,2,3} and {k,j,i} € {1,...,NL} x C x C. After

some manipulation, it can be derived from (69) and (Z0) that
the FIM in @2) is in the form of

Ja J
ip b

where Ja, Jg, and Jp are as in (G6), (@), and (63),

I(p) = (71)

respectively. Since E{H/l\ —1,|]? } > trace{ [Jf }3X3} and
(37 ()] 3v3 = (Ja —JsJIp JB) , the expressions in the
proposition are obtained. |

Via Proposition 3, the theoretical accuracy limit on lo-
calization can be calculated for synchronized VLP systems
with RGB LEDs, where the VLC receiver does not know the
channel attenuation formula in (@) due to certain reasons such
as unknown transmitter parameters or calibration problems.
It should be noted that localization of VLC receivers in
Scenario 3 has not been considered in the literature even in
the special case of single-color LEDs and a VLC receiver with
a single PD. In that special case, the CRLB can be calculated
as in the following corollary.

Corollary 1: Suppose that each LED has a single color,
say red, and the VLC receiver has a single PD for that color.
Then, in Scenario 3, the CRLB on the MSE of any unbiased
estimator l, for the location of the VLC receiver is given by

E{|[T, — .||} > trace{J (72)

sce3

where Jyces is a 3 X 3 matrix with the following elements:

N 1k k2 ok k
_ "k (Er r) (hr,r) 87' 87
[Jsce3]n1,n2 = ; <Er,r Evl?,r ) 0’3 8lr7n1 8lr,n2
(73)

for ni,ne € {1,2,3}.

Proof: When each LED transmitter emits only the red
color (signal) and the VLC receiver has a single PD for that
color, the matrices J A, Jg, and Jp in @6), @7), and (@8) of
Proposition 3 become

Nt
Ja = [ Z or* hE hE BNk (74)
k=1 rn1 I‘n2
for ny1,nq € {1,2,3},
~ 1 ork
J - k BNk 75
[ 0_]2_ 8lrn rrirr ( )




forn €{1,2,3} and k € {1,..., Np.}, and

~ EF

for k,k € {1,..., Np.}. Then, the result in the corollary fol-
lows from the relatlons IE{Hl —L||*} > trace{ [J~ Y }3X3}
and [Jfl( la (JA — JsJp JB)fl based on the
expressions in (@ and (76). [ |

(76)

B. ML Estimators for Position Estimation

In this section, ML estimators are derived for localization
of the VLC receiver in the scenarios considered above.

1) ML Estimator for Scenario 1: The ML estimator for the
location of the VLC receiver in Scenario 1 is expressed as

1, = arg max Alp) 77

where A(p) is given by @0) and ¢ = I,. Based on the
expression in (@0, the ML estimator in (77) can be stated,
after some manipulation as follows:

T, = argma 5 J(Zh’“Rk ()

L k=1 jeC ieC
—05) ) nink E§l> (78)
i€C leC

where h* . and 7% are functions of I, as in @) and @) (with

7,1
AF =0 for all k € {1,...,N.}), respectively, and

Ty ;
Ry () 2 [ 7 ybste = e,

k
Tl,j

(79)

It is noted from (78)) that the ML estimator for Scenario 1 re-
quires a three-dimensional search over all possible locations of
the VLC receiver. For each possible location [, the correlation
term R v (7") should be calculated forall k € {1,..., N},
j € C and 1 € C (ie., 9Ny, times), which constitutes the
operation with the highest complexity. Hence, by considering
the exhaustive search method (due to the non-convexity of the
problem), the correlation terms should be calculated 9Ny, Ny
times in total, where Ny denotes the number of possible values
of 1,. In addition, the ML estimator in (78] reduces to that in
eqn. (19)] in the special case of single-color LEDs and a
VLC receiver with a single PD.

2) ML Estimator for Scenario 2: The ML estimator in
Scenario 2 is given by

(I,,7) = arg max A(¢p) (80)

(Ley7)

where 7 £ [71 ---TNL]T, ¢ = (L, ), and A(yp) is given by

(@0). From (@0Q), (80) can be expressed as
(I,,7) = arg max ZZ (thRk k(%)
7

tm) k=1jec?i \iec

—05) ) nk,

i€C leC

h?,zﬂfz) (81

where h¥  are functions of I, as in @) and R« . (7%) is given
by (9. The ML estimator in (81) can also be implemented
as follows:

R 3) 21 SIS CUTR)

L k=1 j€C 3 ie€C
05> > hEhNE ) (82)
ieC leC
where
(l = argmax Z th) R, 5, k k) (83)
jec J ieC
for k€ {1,...,Np}.

The ML estimator described by @82) and (83) indicates
that a three-dimensional search over all possible locations
of the VLC receiver should be implemented together with
Ny, one-dimensional searches for each possible location I,.
During each one-dimensional search in (83), the correlation
term R, i (7%) should be calculated for all possible delay

values 7F (considering exhaustive search). If N,» denotes
the number of possible values for 7%, the correlation terms
should be calculated 9V, ZQL N, times for each [, and
9N, Nv/ Zgil N.. times in total (with Ny denoting the
number of possible values of l,). Hence, the ML estimator
in Scenario 2 has higher complexity than that in Scenario 1
(see ([79)).

In the special case of single-color LEDs and a VLC receiver
with a single PD Sec. IV-B], the one-dimensional search
in (83) becomes independent of the VLC location I.. In
that case, the complexity of the ML estimation in (82) and
(83) reduces significantly. Namely, a three-dimensional search
over I, is performed and, in total, the correlation terms are
calculated ZNL NP times only.

3) ML Estimator for Scenario 3: The ML estimator in
Scenario 3 is formulated as

(B B 12 ecaee) = A(p) (84)

arg max

k L
(lr-,{hj,qy}kzl,jec,iec

where ¢ = [l;1 2 L3 {hﬂ}k 1 jec, 166] and A(yp) is as

in @0). From (@0), (84) can be expressed as (cf. (36) and (Z8))
Ny, 1
(AR ) = argmax >3

L RN, ) k=1jeC d
x <(h§) RE() —0.5(h§)TE’fh§>

where 7% are functions of I, as in @) (with A* = 0 for all
ked{l,...,Nu},

(85)

Ry & [BE, Y YT (86)
T
Rj(r*) & [Rye o ( ") Rye o (7°) Rye e (7)) 87)
Ef,r Ef,g Ef-,b
EF 2 Eg’z E%:g E_’ib (88)
Eb,r Eb,g Eb,b
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Fig. 2. CRLB vs. P, for x = 5m. and Ts = 0.01 sec.

The objective function in (83) is a quadratic expression in
terms of h?, and E* is positive semi-definite by definition.
Hence, the gradients with respect to h? can be set to zero to

characterize the ML estimator as follows:

1
Vi A(p) = ?(Rf (r*) — E*RY) =0 (89)
J

for k € {1,...,Np} and j € C. Assuming that E* is
invertible, the relation in (89) becomes h? = (Ek) 71R§ (Tk) ,
which reduces the ML estimator in (83) to the following
problem (cf. (38)):

NL
L = argmax Y > oo (RE ()" (29) ' RE () 00)
r k=1 j€eC J
The ML estimator in (Q0) for Scenario 3 requires a
three-dimensional search over all possible locations of the
VLC receiver, and 9/Vy, evaluations of the correlation terms
Ryj’?,sf (Tk) for each [l,. Hence, the complexity order of the
ML estimator in Scenario 3 is the same as that in Scenario 1.

V. NUMERICAL RESULTS
A. Simulation Setup

In this section, numerical examples are presented to inves-
tigate the CRLBs derived in Sections [[I=A] and [[V=A] and the
performance of the ML estimators in Sections and [V-Bl
For distance estimation, a similar setting to that in [9] is
considered; that is, the Lambertian order is set to m = 1 and
h in (@) is taken as 2.5 meters. The areas of the PDs at the
VLC receiver are set to A; =1 cm? for j € C, and the spectral
density level of the noise components at different branches of
the VLC receiver are UJQ- =1.336 x 10722 W/Hz for j € C [,
[9]. For position estimation, a similar setting to that in is
analyzed. We consider a room with width, depth, and height of
[8 8 5] m., respectively, where N;, = 4 LED transmitters are
attached to the ceiling at positions I} = [22 5], 1% = [6 2 5]7,
1> =1265]7, and I} = [6 6 5|7 m. The orientation vectors
of the LEDs in ) are expressed as

nf = [sin 0, cos ¢y sin b sin ¢y cos Gk]T (1))

10
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Fig. 3. CRLB vs. f. for z = 5m., Ts = 0.01sec., P, = 0.1W
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Fig. 4. CRLB vs. T for x = 5m. and P, = 0.1 W.
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Fig. 5. CRLB vs. z for P, = 0.1 W and Ts = 0.01 sec.
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Fig. 6. RMSEs of ML estimators (MLEs) for distance estimation in different
scenarios, together with the CRLBs, where z = 5m., f. = 10MHz,
and Ts = 0.1 ms., where M-MLE denotes the modified ML estimator in
Section

for k=1,..., N1, where 0 and ¢;, denote the polar and az-
imuth angles, respectively [36]. We consider the following an-
gle configuration for the transmitters: (61, ¢1) = (150°,45°),
(02, ¢2) = (150°,135°), (63, ¢3) = (150°, —45°), (01, ¢a) =
(150°,—135°). The VLC receiver is located at I, =
[4 4 1]7 m. looking upwards, i.e., its orientation vector is
given by n, = [0 0 1]7 [13]. The transmitted signals from
the LEDs are modeled as [[7]:

s¥(t) =P, (1 — cos (?)) (L+cos(2nflt))  (92)
fort € [0,Ts],k=1,...,Nr,and i € C, where fF is the cen-
ter frequency for the ith signal (color) coming from transmitter
k. fF’s are specified through a constant center frequency f.
as ff = kf;, where f, = 0.9f., fg = fe, and f, = 1.1f..
Note that in the distance estimation problem, we consider the
scenario where there is only one transmitter, i.e., Ny = 1,
and drop the index k in the relevant definitions (implicitly
setting k = 1). Parameter P, in (92)) corresponds to the average
emitted optical power (i.e., source optical power). In addition,
the RM terms in (@) are taken as [Rr,r Rng Rnb] = 0.4 x
[10.042 0.03], [Rﬂ,r ngg Rg.,b] = 0.4 x [0.194 0.665 0.277],
and [Ry, Rpgy Rpp] = 0.4 x [0.009 0.084 0.421], where
0.4 mA/mW represents a coefficient related to the responsivity
of the PDs as in [9], and the remaining numbers are adopted
from egn. (14) in [27].

B. Distance Estimation

First, the CRLBs (in meters) for the considered scenarios
in Section [II=Al are plotted in Fig. 2] with respect to P, in
(©2) (equivalently, with respect to source optical power), where
x = 5m. and T = 0.01 sec. It is noted that for small center
frequencies (around 10 MHz), the CRLBs in Scenario 1 and
Scenario 2 are almost the same since synchronization does not
bring any additional benefits in this case. In other words, the
distance related information contained in the RSS parameter
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Fig. 7. CRLB vs. f. for Ts = 0.01sec. and P, = 0.1 W for position
estimation.
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Fig. 8. CRLB vs. Ts for P, = 0.1W and f. = 10MHz for position
estimation.

is more significant than that in the TOA parameter. This can
also be verified from the high CRLB values in Scenario 3 for
fe = 10MHz as only the TOA parameter is utilized in that
scenario. As the center frequencies are increased, the TOA
parameter becomes significant and the CRLB in Scenario 3
decreases rapidly. Since only the RSS information is used
in Scenario 2, its CRLB does not depend on the center
frequencies. On the other hand, the CRLB of Scenario 1 also
decreases with increased center frequencies as it utilizes both
the RSS and TOA parameters in distance estimation.

Fig. 3l illustrates the frequency dependencies of the CRLB
expressions more explicitly, where z = 5m., T = 0.01 sec.,
and P, = 0.1 are used. As the center frequencies of the trans-
mitted signals are raised, the distance related information in
the TOA parameter increases. Hence, the CRLB in Scenario 3,
which only utilizes the TOA parameter, decreases with the
center frequency parameter f. in Fig. Bl On the other hand,
the CRLB in Scenario 2 does not change with the center
frequencies, as noted before. Since both the TOA and RSS



parameters are utilized in Scenario 1, the CRLB is almost
constant for small f.’s (as the distance related information in
the TOA parameter is insignificant compared to that in the
RSS parameter in that region) and then starts decreasing with
fe (as the distance related information in the TOA parameter
gets significant).

Next, Fig. @ presents the CRLB versus T curves in the
considered scenarios for two different center frequencies,
where = 5m. and P, = 0.1. As expected, the CRLB
decreases as the duration 75 of the transmitted signals in
(©2) increases. In addition, the relative CRLB performances
in different scenarios carry similarities to those in Fig. 2] due
to the same reasons.

Moreover, the CRLBs are plotted versus the distance x
in Fig. where P, = 0.1 and T, = 0.01sec. As channel
attenuation becomes more severe as the distance increases
(see @), the CRLBs increase with distance. As expected, it
is observed that the CRLBs increase with distance. However,
the slopes of the CRLBs with respect to distance are not the
same. The slope of the CRLB in Scenario 2 is higher than that
in Scenario 3 since they are proportional to ™** and 23,
respectively (considering the CRLBs in meters) based on the
expressions in Sections and [II=A3l On the other hand,
the slope of the CRLB in Scenario 1 (see (9)) is almost the
same as that in Scenario 2 for low center frequencies (as the
RSS parameter is dominant in that case) and it is close to and
higher than that in Scenario 3 for high center frequencies (as
the TOA parameter is significant in that case, as well).

Furthermore, the root mean-squared errors (RMSEs) of the
ML estimators derived in Section are plotted versus F,
together with the CRLBs, where x = 5m., f. = 10 MHz, and
T, = 0.1 ms. From Fig. [l it is observed that the RMSEs of
the ML estimators in Scenario 1 (see (29)) and Scenario 3 (see
(@8)) are significantly higher than the corresponding CRLBs.
The main reason for this is the finite sampling interval used in
the simulations (namely, 0.5 ns), which limits the utilization of
distance related information contained in the TOA parameter
(please see [9]] for a similar observation). On the other hand,
the ML estimator in Scenario 2 (see (33) and (34)) and the
modified ML estimator in Scenario 1 (see (39)) achieve close
performance to the CRLBs. The best performance is achieved
in Scenario 1 as both the TOA and RSS parameters are
utilized.

C. Position Estimation

Position estimation is performed in a room with the setup
described in Section [V-Al by considering the scenarios speci-
fied in Section[[V] Figs. 7 and [8] present the CRLBs for the po-
sition estimation problem with respect to the center frequency
parameter f. (for 75, = 0.01 sec.) and the observation interval
T (for f. = 10 MHz), respectively, where P, = 0.1 W. We
make similar observations to those for the distance estimation
simulations in Section Namely, for lower values of the
center frequency parameter, the CRLBs in Scenario 1 and
Scenario 2 are almost identical since the information contained
in the TOA parameter is inconsiderable compared to the RSS
parameter, and the CRLB for Scenario 3 is very high. As the
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Fig. 9. RMSEs of ML estimators for position estimation, together with the
CRLBs, where f. = 10MHz and Ts = 1us.

center frequency increases, Scenario 1 and Scenario 3 induce
lower CRLBs since they exploit the information contained
in the TOA parameter whereas Scenario 2 has a constant
CRLB since the information in the TOA parameter is not
utilized. Also, the CRLBs in all the scenarios decrease as the
observation interval of the signals, T, increases.

Finally, we obtain the RMSEs of the ML estimators derived
in Section and present them together with the CRLBs in
Section [V=Al in Fig. 0 where f. = 10MHz and Ty = 1us.
Since f. is not very high, the CRLB in Scenario 3, where
only the TOA information is utilized, is the highest for all
source optical powers in compliance with the previous results.
In addition, at high source optical powers, the ML estimators
achieve RMSEs close to the CRLBs and the RMSEs are
ordered in the same way as the CRLBs. On the other hand,
for low and medium source optical powers, the CRLBs do not
provide tight bounds on the RMSEs of the ML estimators (as
expected) and the highest RMSESs are obtained in Scenario 2.
Moreover, it is noted that the RMSEs can be lower than the
CRLBs for low source optical powers since the search for the
position of the VLC receiver is performed in the specified
room whereas the CRLB derivations do no assume any prior
information about the position of the VLC receiver.

VI. CONCLUDING REMARKS

Performance limits and ML estimators have been derived
for distance and position estimation in VLP systems in the
presence of RGB LEDs by considering three different sce-
narios. In Scenario 1 and Scenario 2, a synchronous and an
asynchronous system have been assumed, respectively, with a
known channel attenuation formula at the VLC receiver. In
Scenario 3, synchronism has been assumed but the channel
attenuation formula has been modeled as unknown. Since both
the TOA and RSS parameters are utilized in Scenario 1, it
has the lowest CRLBs in all the cases. On the other hand,
Scenario 2 achieves lower (higher) CRLBs than Scenario 3
for low (high) center frequencies (more generally, effective
bandwidths).



The results obtained for distance estimation in Section [l
generalize the CRLBs and ML estimators in [9] to VLP
systems with RGB LEDs and corresponding PDs. In addition,

the

CRLBs and ML estimators were derived in for a

single (white) LED at each transmitter and a single PD at the
VLC receiver by considering Scenario 1 and Scenario 2. The
results in Section [[V] have not only extended the results in
to VLP systems with RGB LEDs but also covered a new
scenario (Scenario 3) that has not been investigated for VLP
systems before in the literature.
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